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Abstract: We consider high temperature KMS states for quantum spin systems on a 
lattice. We prove a large deviation principle for the distribution of empirical averages 
X\ := X^igA^*' wnere the X^'s are copies of a self-adjoint element X (level one 
^^O large deviations). From the analyticity of the generating function, we obtain the central 

limit theorem. We generalize to a level two large deviation principle for the distribution 
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^ : 1 Introduction 

Large deviations for classical lattice spin systems constitutes by now a rather complete 
theory, see e.g. jH], JH|. In particular, for Gibbsian random fields, it is well-known 
that the relative entropy density governs the large deviations of the empirical measure, 
see e.g. jS], ^3], ED- The relative entropy density is the Legendre transform of a 
generating function which is a difference of pressures. For instance, if one studies 
the large deviations of the magnetization in a Gibbs measure with Hamiltonian H, 
one has to consider the generating function F(t) = P(H + th) — P(H), where h is a 
magnetic field Hamiltonian. The Legendre transform of F gives the entropy function 
I of the large deviations of the magnetization, i.e., 

' ' ieA 

where <Tj, i G 7L d is the value of the lattice spin at site i. 
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For quantum lattice spin systems a similar large deviation question can be asked. 
The (Tj have to be replaced by self-adjoint operators X i: and the probability measure 
Fh has to be replaced by a (KMS)-state. We are then interested in the "probability" 



where u is a KMS state, X, are copies of an observable X at site i, A is a Borel subset 
of [— \\X\\, \\X\\), and A C 7L d is a (large) volume. 

Surprisingly, such probabilities have not been considered in the literature on quan- 
tum spin systems. Laws of large numbers, and central limit theorems have been con- 
sidered, e.g. in [THj, It is well known that for large volumes A, the empirical 
average mSieA^ * s well-approximated (in the state uj) by u(X Q )Id provided the 
state uj is mixing. Therefore, it is a natural question to ask whether the probabilities 
in (jl.lj) are of the form exp(— |A| inf ae A («)), for some entropy function /. In the 
context of non- interacting bosons, this question has been studied in [TU] . later gen- 
eralized in ^1] to weakly interacting bosons and fermions, where one considers large 
deviations of the particle density. 

In this paper we prove the large deviation principle for empirical averages of 
the form m ^ igA Xi for high temperature KMS states uj (i.e., so-called level-1 large 
deviations), and give a generalization to level-2 large deviations, i.e., large deviations 
for distribution of the "measures" £a = 4r J2ieA ^ under the state uj. The existence 
of the generating function of the large deviations of m J2ieA ^ ^ s no ^ as °b v i° us as 
in the classical lattice spin context (unless X commutes with the Hamiltonian of the 
KMS state). In fact this generating function is not a difference of two pressures, simply 
obtained by perturbing the Hamiltonian of the original KMS state by a magnetic field 
Hamiltonian. We show that the entropy function obtained by proceeding as in the 
classical case is (strictly) larger than the true entropy function. The reason we limit 
ourselves to high-temperature states is the use of a polymer expansion. This polymer 
expansion can be set up because we study the large deviations of averages of one-point 
observables. 

Our paper is organized as follows. In section 2 we set up basic notation, specify 
our problem, and state the main result of the paper. In section 3 we consider the 
easy case of product states, in section 4 we compare with the classical case. In 
section 5 we show that the classical proof of existence of pressure does not work 
if we want to show existence of the generating function for the large deviations of 
empirical averages. In section 6 we set up the cluster expansion, the basic technical 
tool to obtain both existence, "boundary condition independence" and analyticity of 
the generating function. In Section 7 we prove the main theorem and point out a 
generalization to empirical averages of local (not necessarily single site) observables. 
Finally, in section 8 we prove level 2 large deviations. 
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2 The Problem 



Let M be a finite dimensional algebra of complex matrices. For A C Z d we define the 
local algebra 

U K : = ® ieA M 4 (2.1) 

where each Mj is a copy of M. The algebra of local observables is defined as the 
inductive limit of the Wa's, and is denoted by U. Let X 6 M be a fixed self-adjoint 
element, and consider for A C Z d the empirical average -r^, where 

X A = ^X, (2.2) 

ieA 

and Xi's are copies of X in Mj. Suppose we are given a faithful state uj on Given 
A eU such that A = A*, we can consider a probability measure on the spectrum of 
A, defined by 

f F A (dx)f(x)=uj(f(A)), (2.3) 

Ja(A) 

for / : <j(A) — > M continuous. In particular, for F C a (A) a Borel measurable subset 
of the spectrum, we have 

¥ a (F) = lu(1 f (A)). (2.4) 

We call Pa the distribution of A. Given a self-adjoint element X e M, we are 
interested in the probability measures associated to the empirical averages, i.e., 

ff:=¥^ XA . (2.5) 

P^ are probability measures on [— ||X||, ||X||], i.e., they have compact support and 
hence always contain convergent subsequences. If the state uo is sufficiently mixing, 
then P^ converges weakly to the Dirac measure <L(X )) concentrating on u(X ). 

Therefore it is natural to ask whether the sequence {P A : A C Z d } satisfies a large 
deviation principle. This means there exists a lower-semicontinuous convex function 
I : [-\\X\\, \\X\\] -> R such that 

lim sup -— log (F) < - inf I(x) for F C R closed, 

A?Z d |A| zGF 

lim inf —r logP A (G) > - inf J(ar) for G C R open. (2.6) 

A|z d |A| xgg 

In some sense (|2.fi|) is purely a property of a particular sequence of probability mea- 
sures with compact support. Therefore, a sufficient condition is the existence of a 
differentiable generating function 



Fit) := lim log-^ / Pf (dx)e 

A1Z d A J 



lim -l-logu; (e* E ^A^) . (2.7) 
atz" |A| v y v y 



More precisely, following 6J, we have the following standard result: 
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Proposition 2.8. If for allt G R, F(t) exists and is differentiable in t, then the large 
deviation principle \2. 6]) holds and the entropy function is 

I(x) = sup(xt- F(t)). (2.9) 

teK 

Differentiability in t can be replaced by strict convexity of /. Even if F is not 
differentiable in t, the large deviation upper bound holds, but the lower bound may 
fail (see JHj for a counterexample). 

We now define what we mean by the central limit theorem in our context. 

Definition 2.10. We say that a collection of operators W\, A C Z d satisfies the 
central limit theorem if there exists a 2 > 0, such that for allt G K 

lim W (e WA )=e- jV / 2 (2.11) 

Bryc's theorem gives a connection between the large deviation principle and the 
central limit theorem. In our context this means that if F exists in a neighborhood 
of the origin in the complex plane, then the central limit theorem ()2.11|) holds, with 
Wa = —]= YlipA.{Xi — io{Xj)) but possibly a 2 = 0, in which case the statement is 

empty. If the sum 

;d = J> ((X, - ^(X)(X - ^(X))) 
converges absolutely, then a 2 = Xx- 



2.1 High temperature KMS states 

The states we consider in this paper are KMS states for a translation invariant finite 
range potential at high temperature. This is a collection of self-adjoint $(A) G Ua, 
indexed by finite subsets A C Z d with the following two properties. 

1. Translation invariance: $(A + i) = t^(A) 

2. Finite range: there exists R > such that if diam(A) > R, then $(A) = 0. 

Later on we will see that we can slightly relax the finite range condition, see (|7.1|) 
below. The KMS-state associated to the potential $ at inverse temperature (3 is 
defined as the limit of the finite volume states on U\ 

" aW " Tr(e-^) (2 ' 12) 
where the Hamiltonians if* are defined by 

Ht = J2®( A ) (2-13) 

ACA 
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Remark 2.14. The KMS-states we consider are defined by the limit of \2.12}) as 
A] Z d . In that way we avoid the question of uniqueness of KMS-states. 

In our context there exists (3' small enough such that there exists a unique KMS- 
state, which is possible by the finite range property (or by its generalization \7.1[ ), see 
e.g. proposition 6.2.45 in but this /3' Q depends on the dimension of the single site 
algebra, and is possibly smaller than the /3q of our main result stated below. 

We can now state our main result. 

Theorem 2.15. 1. There exists (3q independent of X such that for all (3 < (3q the 
generating function 

F(z) = lim ^logcj ( e *£*£A x (2.16) 
ATZ d |A| v ' 

exists and is analytic in a strip {z = x + iy G C : \y\ < 5}. 

2. The large deviation principle \2. 6}) holds. 

3. The central limit theorem H2.ll)) holds for the operators 



A 



^^(X.-^Xo)). (2.17) 



ieA 

3 Non-interacting case: product states 

The simplest situation is the case 

to = <S>iUJi, (3.1) 
where u>i are copies of a faithful state on M, i.e., there exists A such that for X e M: 

The generating function (j2.7j) is 

which is clearly defined and analytic on the strip {z = x + iy G C : \y\ < 5} for 5 
small enough, and 

dF = Tt[Xe zX e- A ] 

dz Tr[e^e- A ] 1 ' ) 

In that case the distribution of Xa/|A| is the same as that of the m YlieA-^-i where 

Xi are i.i.d. with distribution Fx- Hence the large deviation principle (|2.6J) is clearly 
satisfied with entropy function 

I(x) = sup{tx - F{t)). (3.5) 
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(4.2) 



4 Comparison with the classical case 

In the classical Gibbs formalism, there is a natural way to obtain large deviation 
probabilities by perturbing the Hamiltonian with a magnetic field potential ( "Cramer 
tilting"). Let us informally follow this procedure in our context. For simplicity we 
put P — 1 in this section. If we want to know the probability of the event -rA ~ a, 
then we perturb the hamiltonian P* with an external field h a X\ to make the value 
a "typical", i.e., such that 

Tr[X e-^-^] 

km rr<B , = a (4.1) 

A|z d Tir[ e -- H A-*»*A] v 1 

The rate function can then (again informally) be obtained as follows: 

Tr (e-^-^^[ e ^+^^e-^]l (a _ e>a+e) (^)) ^-nf-K 
Tr [e~ H A- h ^) Tr[e- H *] 

Define the pressure 

P($) := lim r-rlogTrfe-^Aj (4.3) 

v ' A1Z d |A| L J v ' 

and 

P($,h a ) := lim ^- logTr[e" H A-^A]. (4.4) 

A|Z d |A| 

We can rewrite (|4.2j) as 

{^-^ | A | V " Tr[e-^"^^] 

(4.5) 

Since ft, a is chosen according to (|4.1jl . the first factor in (|4.5J) is close to one, and we 
obtain 

log^A (l (a _ e ,^ e) (^)) = \A\(ah a + P($, fc a ) - P($)) + o(|A|) (4.6) 

This suggests rate function 

1(a) = -[h a a + P($, K) - P($)], (4.7) 
which is the Legendre transform of 



1 Trfe^eA^-^Al 
F(t) = lim — log — ^ -5 ^ . (4.8) 

V ; AT^ d A Trfe-^A] V ; 
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This argument leading to J, F is of course informal, but in the classical case it is easy 
and standard to make it rigorous in order to obtain the lower bound. 

By the notation / we suggest that I is not the entropy function / we are looking 
for. Indeed, if the large deviation principle ()2.6|) holds for X A /|A|, then the only 
candidate for I is the Legendre transform of 

1 Tr A [e*^A^e- H Al 
F t = lim — log — ^ -| l - (4.9) 

By the Golden-Thompson inequality we have 

F(t) < F(t), (4.10) 

and hence 

I(x) > I(x) (4.11) 
Therefore, the large deviation principle of Theorem 12 . 1 51 implies the following. 

Proposition 4.12. For GCI open, 

liminf — logPf (G) > - inf I{x), (4.13) 

A|Z d |A| x^G 

where I(x) is defined in 7| ). 

If X and commute, then ()4.10j) becomes an equality and I(x) is actually the 
true entropy function, but in the case [X, Hf] ^ 0, the inequality (|4.11|) can be strict. 

Notice that even in the simplest case of product states of the previous section, 
/ 7^ / as soon as A and X do not commute. A possible explanation here is that the 
"perturbed states" obtained by adding a magnetic field potential to the Hamiltonian 
are not the right states to make the large deviation event typical. 



5 Boundary terms 

In the previous section we considered as a candidate generating function 



F f {t) = lim log lr4 l - * J , (5.1) 
Atz d |A| Tr A [e _ ^A] 

where we now add the subindex / to denote free boundary conditions. The reader 
might have noticed that we should have written, following (|2.7j) : 

F(t) = lim J_loga;re tE *eA^i| 
ATZd |A| L 1 



lim ± lim lo E ^A-(exp(t£ ieA A-)exp(-,3g»)) 



The difference between Ff(t) and F(t) is caused by a boundary term and hence it is 
expected to vanish in the thermodynamic limit, i.e., we expect that 

Ff(t) = Ht)- (5-3) 

To be more precise, for A' D A: 

H % = H A + W A,A' + H A'\A 

where 

Wls,= HA). (5.4) 

ACA' ,AnA^0,AnA c ^0 

Remark that ||W AA /|| = 0(|<9A|), and since if* and if*» A commute, 



Tr A , (exp (t J^ieA X i) ex P {~P H A ~ P H a>\a)) Tr A [e*^ieA^ e -^ 



Tr A , exp {-(3Ht - (3H%^ Tr A [e~^] 



(5.5) 



Hence, if we omit the boundary term A , in (|5.2j) . then we recover Ff(t). The main 
problem is to omit W^ AA / in the numerator of (|5.2|) . and to prove that the "price" for 
this omission is of order (e ^'-*). 

This reminds us on the proof of the existence of the pressure, see e.g. jTj, |15j . 
However, in the quantum case this result relies on the inequality 

| logTr(e A+B ) - logTr(e A )| < (5.6) 

In order to prove (|5.3|) in a similar way, we would like to have an estimate like 

| logu{e A+B ) - logcu(e A )| < a||S||, (5.7) 

for a state u, where a does not depend on A, B. But such an inequality does not 
hold! 

More precisely, if u = Tr(e H -)/Tr(e^) (we omit for a moment the indices A refer- 
ring to the volume), then 

r 1 d 

| log^(e A+B ) - \ogu{e A )\ = / i- \ogu{e A+tB )dt 



dt 



and 



J Tr ( [} e A+tB e -s(A+tB) e H e s(A+tB) B dg 

^\ogu(e A+tB ) = — ^ ^ =: 

dt Tr fjl e A+tB e -s(A+tB) e H e s(A+tB) d A 

In general \I/ is not a state (unless A + tB and H commute), and the norm of \I/ (as 
a functional of B) will depend on A, B and H, as the following proposition shows. 
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Proposition 5.8. For any X e with Ker(X) = {0}, define 

Tr(XB) 



Tr(X) 



defines a continuous functional of C with norm 

Tr\X\ 



I* 



x 



Tr(X)\ 



> 1, 



(5.9) 



(5.10) 



with \X\ = \/X*X . In particular, for X > 0, \\^x 
Proof: Put X 



vxx* > 0. 



J|X|, where J is a partial isometry and \X\ 
Since Ker(X) = {0}, J is a unitary operator, see [Hj, Theorem 6.1.2. Since \X\ > 0, 
u\ x \{C) := Tr(-|X|)/Tr(|X|) defines a state. We have: 



Tr(CX) 






Tr(X) 




v\x\(J) 



< 



\\C\\\\J\\ 

<"\x\(J)\ 
Tr\\X 



\C\ 



TrNXl 



Tr[J\X\] 



and we obtain 



If we choose C = J*, then 



so 



I* 



X 



< 



Tr(X) 

Tr(|X|) 
|Tr(X)|- 

TrjCX) _ Tr(|X|) 

Tr(|X|) 
|Tr(X)|- 



ICI 



|TrX| 



(5.11) 
(5.12) 

(5.13) 

(5.14) 
□ 



This proposition shows that we cannot hope to obtain a useful version of ()5.7)1 in 
order to show (|5.Hj) . Indeed, if X is not positive (the X we are thinking about here 
is Jq e A + tB e - s ( A + tB ) e H e s ( A + tB )^ then H^xll can be arbitrary large. 

Instead we will use a cluster expansion to show the negligibility of the boundary 
terms. 



6 Cluster Expansion 

In this section we develop a strategy to prove both existence and analyticity of (|5.1|) 
and the equality ([5.3)1 . which is based on a quantum cluster expansion. For an intro- 
duction to this technique and a comparison of different approaches, see [H] . Here we 
develop a variant of this expansion, by rewriting the partition function of a quantum 
model as a partition function of a certain (classical) polymer model. Then, the results 
on the convergence of the expansion follow whenever the Kotecky-Preiss criterion is 
satisfied 0. 
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6.1 Set-up 

Rewrite ffOl 



i Tr A (e^ieA^e - ^* 
FAt) = lim— log )- — j= = ^ + logTr(e' x ) - P{/3$) 

lim -lloga;i(e-^A) + logTr(e' x ) - P(/3$), (6.r 
■ l A l 



where u A is a product state on defined by 

Tr A fe* s »eA^y) 
TrA^e^eA^) 

The product property of the state u f x is crucial and due to the fact that we consider 
only the averages of a one-point observable. It implies for A e U\', B 6 Wa«, A' fl A" = 
0: 

wi(AB)=o;i(i4)a;i(S). (6.3) 

This factorization is crucial to set up the cluster expansion that will allow us to show 
the existence of the limit 

E ' (i > = 2& ixr log zf = jXf (") 

Similarly for A'dA define u; A / A ^y 

^ A(y)= (65) 

A ' AV ' Tr A '(e-* E «A^®Id A , VA ) V ; 

which is also a product state, and this time we have 

= nm 1 limlQg ^(e'^e-^) Tr A (e^^x 0TrA/(e -^^ IdA/VA) 
U at^|A|a' T ^ S Tr A '(e*^^A^ <g> Id A ,\ A ) Tr A (e-^*) T^e"*"*?') 

= logTr(e* x ) - P(p$) + lim -|- lim log ~ ~ (6.6) 

where cu A / — cu A / " is the trace state on U\>. The existence of F(t) is equivalent with 
the existence of 

E(t) = lim — lim logZ A f A (6.7) 

V ' AfZ d |A| A'TZ d V 7 

where 

-tfl w;. A (e-™.*)^(e-' 3 "J) , ^ 

Z - = <6 ' 8) 
Moreover, the equality Ff(t) = F(t) will follow from H/(i) = H(i). 
Our strategy is then described as follows. 
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1. Set up the cluster expansion in order to define S(t), Sj(t). This can be done by 
properly defining a polymer model and by using the Kotecky-Preiss criterion. 

2. Equality of S and 2/ follows from the fact that in the expansion, only clus- 
ters touching the boundary of A will make the difference between log Z]f and 

3. Analyticity is proved by showing that the polymer weights are analytic in t and 
satisfy the Kotecky-Preiss criterion in a strip in the complex plane. 

6.2 Polymer model 

In order to compute S/(i), we use the idea of the Mayer expansion and rewrite the 
finite volume expectation u; A (e - ^ H *) as the partition function of a polymer gas. Due 
to the product structure of the state, the polymer weights become independent up to 
the exclusion, and we can use familiar results on the convergence of a series for the 
logarithm of such partition functions. 

We start by writing the series 

^=<[t t ^ t }=^[t t ^r £ (6.9) 

n=0 n=0 Ai,...,A„CA 

that can be cast into the form of a polymer expansion as follows. We use the notation 
T = ( A\ , . . . , A n ) for any finite sequence of finite sets of sites and the shorthand 
$r = <&{Ai) • • • &(A n ). Let Gr be the graph over the set of vertices {1, . . . , n} such 
that 1 < i < j < n are connected by edge whenever A { fl Aj ^ 0. A sequence 
T' = (A[, . . . , A' k ) is called a maximally connected subsequence of T whenever there is 
a maximally connected component of the graph Gr with the vertex set %\ < . . . < it 
such that A[ = A^ , . . . , A' k = Ai k . The following lemma is then an immediate 
application of these definitions. 

Lemma 6.10. Let {7 q }q, g / be the collection of all maximally connected subsequences 
o/T. Then $r = Ylaei an( ^ P r °duct does not depend on the order. 

Connected sequences of sets are called polymers and we use the symbol Aa for 
the set of all polymers in A. Any sequence (respectively set) of polymers (71, ... , 7 n ), 
7 Q = (A% , . . . , A% ), a = 1, . . . , n is called an admissible sequence (respectively set) 
if Af H A"' = for any i,j and a 7^ a'. Given any sequence of sets T, the collection 
{la}aei °f & U maximally connected components of T is clearly an admissible set of 
polymers, but the correspondence is obviously not one-to-one. A simple observation 
is that there are exactly 

n«*(«)! 

sequences T such that {7 a }ae/ is the collection of all maximally connected subse- 
quences of T. Defining |T| = k for any sequence T = (Ai, . . . , A k ), we rewrite Z 1 ^ as 
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the partition function of a polymer model: 

z 'f = E^ E IK(** 

n=0 r:|r|=n a 



= eef e e ^.....^ni^u*, 

J1=0 fc=0 II. ->!fe>l 71.--,7fcS^A »=1 * 

00 1 n 

= E^ E ^•••,7n)n^) ( 6 - U ) 

n=0 ' 7i,...,7„£^4a i=1 

where we have introduced the weights 

p^{A x , ...,A k ) = UiLg^A!, ...,A k ) wi($(A0 . . . $(A k )) (6.12) 
and the indicator functions 

1 1 if (71, . . . , 7„) is admissible 

0(71,..., 7n) = < n . (6-13) 

I (J otherwise 

(l if (Ai,...,A fc ) is connected 
<7c(4i,---,^fc) = < . (6.14) 

I otherwise 

Note that the polymers have been defined as sequences of sets rather than collections 
of sets. Obviously, the weight p*'^(7 — A 1: . . . , A k ) generically depends on the order 
of the sets Ai, . . . , A k , whereas it does not depend on A as far as A D U^ =1 Ai, due 
to the product structure of the state uj\. The cluster expansion now reads [9| IT2]. 
formally, 



00 n 

l0 S^ = E^ E M7i,-..,7n)n^(^) 

n=l ' 7iv,7nG^A »=1 

00 ra 

= EE^ E ^(^.....^n^w 

CCA n=l 7l,- -.7nS-4c i=l 

Supp(7l,...,7n)=C 

= J^X^C) (6.15) 

CCA 

where we have defined the "cluster" weights w l ^{C) by the partial resummation over 
all sequences (71, ...,j n ),j a = (A^, A^ a) ), n > 1, such that Supp(7i, . . . , j n ) : = 

Next we set up a similar expansion for Z A , A . Note first that by taking t = in 
(I6.15|) we immediately get cluster expansions for both expectations o^e - ^*) and 
a; A ,(e _/3H A'). For u; A , A (e _/3// A') we repeat the same steps to get 

00 1 n 

^,A(e-^') =E^[ E 9(71, - ,7») 11^(70 (6-16) 

n=0 7i,...,7„e^ A / i=l 
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with the notation 

p t f(A 1 , ...,A k ) = t^l gc{Au . . . j Ak) w * /iA ($(A!) . . . $(A fe )) (6.17) 
In particular, p^(A%, . . . , does not depend on A' if C A', and 

Defining 

^) = e ^ e a ^ • • • n^(7<) ( 6 - 19 ) 

n=l ' 71,-,7n j=l 

Supp(7 1 ,...,7n) = C 

we also have (C) = u>* ,/3 (C) for any CCA and w l jf{C) = w 0,f3 (C) for any 
C C A' \ A. Hence, we get from (Oil that 



log^A = E ^) + E w ^ c ) - E 

CCA' CCA CCA' 

5>^(C)+ £ wf{C) (6.20) 



CCA cca' 

C$ZA, CgA'\A 



where the first term coincides with the series for log Z^f and the second one is a 
boundary term summing up the clusters intersecting both sets A and A' \ A. 



The existence of the cluster weights w t,l3 (C) and w t jf(C) and upper bounds can 
be proven under the assumption that the polymer weights are sufficiently damped. 
We show the Kotecky-Preiss criterion of the convergence [5J to be satisfied in a 
high-temperature regime: 

Lemma 6.21. Let a, (3q > such that 

^ e 2a\B\ ( e A,||*B|| _ i) < a ( 6 .22) 

B30 

Then one has the upper bounds 

oo 

SU P E E e a ^\p t ' P (A 1 ,...,A n )\<a (6.23) 

M)eRx[0,/3o] n=1 Al ,...,A n 

and 

oo 

sup sup V V e a ^\p t f(A 1 ,...,A n )\<a (6.24) 
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Combining with Theorem 2 in ^2], we have the following result. 

Proposition 6.25. Under Condition 1)6.22)1 . the cluster weights w t,l3 (C) are translation- 
invariant and 

sup y^\w l ' p {C)\<a (6.26) 

(t,/3)eRx[o„s ] C90 

Similarly, 

sup sup y^\w^(C)\<a (6.27) 

A (t,/3)£Kx[0,/3o] 

Proof of Lemma \6. 211 Using the notation 7 for the image of the sequence 7 = {A\, . . . , Ak), 
we have the upper bound 

e i^wi s 9C (b, b,)±^ y: L n Jriii*wn* 

7:7={Bl,...,B;} n=l ' &i, -,*;>! V L > ' ' ' ' l/ i=l 

A;^ + ... + fc^— n 
/ OO — ^ 

= 9c(B u ...,B l )YlY^Tf\M B i)W k 

i=i fc=i 

= g c (B u ... 1 B l ) fJ(e^ll*WII - 1) (6.28) 

i=i 

for any collection of finite sets {Bi, . . . , B{\, I = 1, 2, . . . The identical upper bound 
holds if we replace p t $ with p\ . Hence, we only need to concentrate on the former 
weight, for which we have the inequality 

00 00 1 

J- £ e a ^\p t '' 3 (A 1 ,...,A n )\<J2 E 9o(B 1 ,...,B l )]l<p(B i ) (6.29) 

n=l A 1 ,...,A n l=i {B 1 ,...,S;} j=l 

with the shortcut 

= e a|B| (e /3|l<I>(B)l1 - 1) (6.30) 
In order to estimate the right-hand side of (J6.29)) . we consider the function 

1 

Y(A\B) = E gc(B 1 ,...,B l )H<p(B i ) (6.31) 

1>1 Be{B lr ..,Bi}CA i=l 

I 

= V( B )J2 E gc(B,B 1 ,...,Bi)l[ ( p(B i ) (6.32) 

l>0 {Bi,...,Bi}CA\{B} i=l 

defined on all pairs of a finite set B and a finite collection A of finite sets, A 3 B. For 
this function we derive a recurrent inequality, realizing that the collection {Bi, . . . , B{\ 
obtained from a connected collection {B, Bi, . . . , B{\ splits in general into a number 
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of connected components, each of them intersecting B. By upper-bounding the sums 
over these components separately we subsequently write: 



Y(A\B) < ^ £ II( £ ^,..,4)11^ 

m>0 ' h,...,l m >la=l {B 1 ,...,B la }CA\{B} i=l 

^ ^E^( E E 9c{d,b x ,..., Bi 

m>0 D:DnB^0 l>0 {Bi,...,_B i }CA\{_B,D} 

< p(fl)exp[|B|sup E Y ( A \{ B }\ D )] ( 6 - 33 ) 



m 

I)* 



D£A\{B} 



Since 

oo 

J- e a ^\p t ' l3 (A 1 ,...,A n )\<supJ2 Y ( A \ B ) ( 6 - 34 ) 

n=l Ax,...,jln A S30 

the proof of the lemma is finished by proving by induction in the cardinality of A 
that 

sup E Y ( A \B)<a (6.35) 



uniformly in A. Indeed, by the induction hypothesis and using inequalities ()6.22j) . 
()6.33j) and the translation-invariance of the potential, we get 



sup 



E Y(A | B) < su P J2v(B)e a W = J2e 2a W(e^ B ^-l)<a (6.36) 



x BBx B30 



The case A = {0} is trivial. □ 



6.3 Analyticity of the polymer weights 

Under a slightly stronger condition than ()6.22j) . we prove the existence of an analytic 

continuation of the polymer weights p z '^(7) to a set {z = x + iy € C; \y\ < 5} x 

|/3 1 < uniformly for all polymers. Since the linear functional u z K given by 

formula ()6.2|) is not a state anymore for z ^ R due to the lack of positivity, we write 
pz,p^ j n f orm 

(-B) k 

pZ = x = i-^^(A 1 ,...,A fc )^($(A 1 )...<f(A fe )) 

(-/?) fc 

^ ^(A 1; ...,A fc ) (6.37) 



fc! 

rj ll . | A | 
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an identity valid for any A D Uf" =1 Aj. Choosing A = uf =1 Ai and using the bound 

\rn (x+iy)X\ °° 
I 11 e I _ I. ,x f iyX \ \ \, .x fS^^y) 



M„ (r '-')l i^^.V") (6.38) 



n=0 



> i_y = 2-e li/|l|x|1 (6.39) 

^— ' n! 

n=l 

we obtain the next variant of inequality ()6.28j) : 

£ l^WI £ MB, ft) (5^ia^sl) M * , *' n^ 1 *-" - « 

7 :7={B lr ..,B i } i=l 

' J/JIIISbJ _ i 

< ^■■■,^)n (2 _ e l,l||x|| )|gi| ( 6 - 40 ) 

i=i v ; 

The other steps in the proof of Lemma 16.211 remain unchanged if we replace there the 
function ifi(B) with 

^^dw)'^ 6 '""^"- 1 ) (6 - 41) 

and assume condition (|6.44|) below. As a result, we get the upper bound on the 
analytic continuation of the polymer weights as 

oo 

SU P J2 Yl e alu ^ l \p z=x+iy ' (3 (A 1 ,...,A n )\<a (6.42) 
|y|«5, \P\<Po n=1 Al ,..., An 

The uniform bounds on the cluster weights in the region \y\ < 8 , \/3\ < (3 then follow 
by P C2] As a consequence, the (partially resummed cluster) weights w z,f3 (C) are 
analytic by Vitali's theorem and we arrive at the following result: 



Proposition 6.43. Assume there are a,5,(3o > such that 

' e 2a 
,2-e & W x 



/ P 2a \ \B\ 

Eb« (e^oll^ll _ i) < G ( 6 .44) 



B50 

Then the cluster weights w z,,3 (C) are analytic in the region 

V SA = {(z,(3)eC 2 : \Imz\<6, \P\ </? Q } 
for all finite sets of sites C. Moreover, 



sup ^K'^(C)|<a (6.45) 

(z,/3)ev Sl5o C90 
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7 Proof of Theorem 12.15 



One easily checks that under the assumption 

J2e^\MB)\\<oc (7.1) 

for some e > 0, there exist a, 5, /3q > such that condition (|fi.44j) is satisfied. Moreover. 
(3q can be chosen independent of X. 

Existence of Ff{t). 

er expansion for log Z A 
the cluster weights w t,/3 (C). To see this, write 



It follows from the cluster expansion for log Z A due to the translation-invariance of 



By Proposition Id 25| Xlcso |w*'^(C)| < a > an d f° r an Y e > there exists a finite set 
of sites V such that ^2 CB0 C g V |u> <,/3 (C)| < e. Introducing 

Ao = {jeA;P + jCA} (7.3) 

we have 

N^f-iAiE^I ^ (E+E)Ei-^)i ( 7 - 4 ) 

C30 ' ' iGA ieA\A CSl 

K CIA 

< e|A | +a|A\ A | (7.5) 

and the limit lim e |o hniAtz d ! the latter being taken in the van Hove sense so that 
lim |A |/|A| = 1, yields 

Moreover, we have got the upper bound sup fgR < a. 

Equality F f (t) = f(t). 
Notice first that the limit A' f Z d exists, 

limlog^f A = logZf + ™a(C) (7-7) 

C£A,CnA^0 

by the absolute convergence of the second sum. Using the same argument as above, 
the second term is of order o(|A|), and we get the equality H(t) = 

Analyticity of Ff(t). 
We only need to prove the analyticity of the function Sy(t) given by the series ()7.6|) . 
By Proposition 16.431 all cluster weights have an analytic continuation to the strip 



17 



|Imz| < 8 . Since the series converges there uniformly due to ()6.45|) . Hf(z) is analytic 
in the strip by Vitali's theorem. 

Finally, the existence and the differentiability of F(t) implies both large deviation 
upper and lower bounds by Gartner-Ellis theorem. Since F(t) has an analytic con- 
tinuation to a neighborhood of the origin, Bryc's theorem implies the central limit 
theorem. To see that a 2 > for j3 small enough, consider first the case f3 = 0, then 




= ^ (X 2 )-c (X) 2 



where Uq is the normalized trace. Hence in that case, cr 2 > as soon as X has non- 
trivial spectrum. Therefore, by the convergence of the cluster expansion, the variance 
o\ = o~ 2 + 0(/3) is strictly positive for (3 small enough. Moreover, it is given by the 
absolutely converging sum 

a 2 = u d X i ~ u(*i))(Xo - w(X ))) 



7.1 A generalization 

Our result on the convergence of the cluster expansions for H/(t) and can be 
slightly generalized. We sketch this generalization here without too much details. Let 
{&k}k=i,...,n be a family of potentials and w be a product state. Then the generating 
function 

Z z A = oo(e zlH ^ ...e ZnH ^ n ) (7.8) 
where z = (z\, . . . , z n ) e C n , admits a cluster expansion 

logZI=5>*(C) (7.9) 

CCA 

with the cluster weights w z (C) depending only on &i(A),A C C, i = l,...,n, and 
one has the following result. 

Proposition 7.10. Assume that 

supJ2 e2alBl ( eT:U5limm " 1) < a (7-11) 

X B^x 

for some a, 6%, . . . ,5 n > 0. Then all cluster weights w z {C) are analytic in the poly disc 
V = {z = (zi, . . . , z n ) : \zi\ < 5i, i = 1, . . . ,n} and 

sup sup V|u> z (C)| < a (7.12) 

zeV X CBx 

Remark 7.13. 1. Notice that fl7.11|) is the same condition one would write for 
the convergence of the cluster expansion for logci;(exp ^\ ZiH^*). 
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2. As a corollary, one obtains the existence and analyticity in a neighborhood of 
the origin for various kinds of (cumulant) generating functions. In particular, 
by taking $1 = $ translationally invariant, z\ = [3, Z2 = z, and ^(B) = 
J2iez d Ti (X) 1 b=d+i for a fixed set of sites D and an operator X 6 IAd, one gets 
the existence and analyticity for the (free b.c.) generating function 

Ff(z) = lim ^logu;^(e* E ^+^PO) 



where 



Tr(e 



-PHI 



3. A necessary and sufficient condition on the potentials $i,...,$ n to satisfy 
()7.11|) with some a, Si, . . . , S n > is that there exists e > such that 

sup^e e|B| ||$ i ( J B)|| < oo i = l,...,n 

X B3x 

Proposition l7.10l does not give the (full) large deviation principle since the modulus 
of Zi has to be small. However, it does give the central limit theorem for 

H* - co(Hf) 



1A| 

because for that we only need analyticity in a neighborhood of 0. 



8 Level two large deviations 

We will now define a random measure which can thought of as the distribution under 
the state uj of the "measure" mX^eA^V For / £ ll^ll> IWI]> an d f 1 a 
probability measure on [— ||X||, \\X\\], we write (//,/) = / fdfi. 

More precisely, for fi,...,f k & finite collection of continuous functions on [— ||X||, ||X||], 
and Ai, . . .Ah Borel sets, define 

F((U, h) 64..., (£ A , h) e A k ) = u (i M h W) • • • U E /A))) 

' ' ieA ' ' ieA 

(8.1) 

This formula defines the distribution of a random measure £a- Indeed, the sets 

{(£a, h) 64- (£a, /*} C([-||X||, ||X||],R), ^ e £} (8.2) 

are Borel sets in the weak topology on .Mi([— ||X||, ||X||]), the set of probability mea- 
sures on [— ||X||, ||X||], and they are generating for the Borel-cr-field on .Mi([— ||X||, ||X||]) 
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The candidate level-2 generating function is then a functional on C([— \\X\\, ||X||], R) 
given by 

*(/) = lim ^-logE (e {CA ' f) ) = lim -r^logtu (e E « A /(*i)) (g.3) 
w ; AtZ d |A| V ' A1Z d \A\ K ' v 1 

And the corresponding candidate large deviation entropy function is its Legendre 
transform: 

J(/i)= sup «//,/>-*(/) (8.4) 

/6C(H|X||,||X||],R) 

We then have the following theorem 

Theorem 8.5. Suppose u is a high temperature KMS state as in Theorem. VA.lfA 

1. The limit defining the generating function ^(f) in \8.3\) exists and defines a 
convex ^ : C([-||X||, ||X||],R) R. 

2. The random measures £\ satisfy the large deviation principle with rate function 
X given by \8.4])- 



3. The relation between T and I is given by the contraction principle: 

I{x) = inf{J(/i) : [ fr(d£) = x} (8.6) 

J[-\\xu\x\\] 

Proof. The existence of the limit defining ^ follows from Theorem 12.151 and the fact 
that Po does not depend on X, so we can replace Xi by f{Xi). 

The large deviation principle follows from Gateaux differentiability of ^ More 
precisely, for any /, g £ C([— \\X\\, ||X||],R), the limit 

3,mf) = ^ n, + t9) t - KH,) (8.7) 

exists. This can be seen as follows. By the same argument showing the analyticity 
of F(z) (of I2.16|) in a strip {z = x + iy : \y\ < 5} one sees that z i— > \I/(/ + zg) exists 
and is analytic in a strip {z = x + iy : \y\ < 5}, where now S depends on / and g. 
This is clearly sufficient to have the existence of the limit ()8.7|) . Then we can apply 
Corollary 4.5.27 of [3] to conclude the large deviation principle. 

Finally, the contraction principle follows from the fact that the distribution of 
Xa/|A| is the distribution of J ££a(^0> hence we are in the situation of the standard 
contraction principle, 0, Theorem 4.2.1. □ 
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